
Math Logic: Model Theory & Computability
Lecture 08

Definability as a geometric/descriptive concept (withouto- formulas) .

Let A : = (A
,
+) be a -structure. For a set PCA

, we
denote by Defa(P)

the set of all P-definable subsets of A "(relations of a rity n)
.

It Defa(P) :=U Net (P).

Det. A family B2PowIA) of subsets of A is called a (Boolead) algebra if
0 B and B is chesed under complements (StB => ALSEB) and
finite unious (S , 32EB => S

, USEB) .

Obs1
. For each neIN

,
DefP) is an algebra .

The connectives - and U correspond to the set operations complement and
union. What set operation does I correspond to ?
A -

D S = 4(a, b) + A xA : A t Y(a
,
b
, ip) 3 .

i Then LEA" : AF En Y(a, n , p)) =
i

= (GAP : Where is bGA sit . At Pla, b ,pA S

poj(s) An
= LGA" : there is beA sit

. (a
,
b)tSh

= proj(S) .

Obs 2 . DefA(P) is closed under projections (=images of projections) ·

Adding a danny variable to the vector extending a formula correspondsh

taking preimages under projections :



Obs3
. NefA(P) is closed under preimages of projections , i. e. If BEDefEIP
then BxAG Def(P) .

We can also permute the order of variables in an extended formula
,
and

this corresponds to permuting the cordinates of a definable out :

Obs4. DetA(P) is cored under permutation of cordinates
,
i
.
e. for MEN and

a permutationIt of 31
,
2, ..., uh ,

we think of It as A "lA" by
Laidion it (ansition

,
and if Be Det(P) , then π (B) E Def(P) .

Cos
. Defa(P) is closed under Cartesian products .

Proof
.
Let B

,
5 Bef(P) and BitDef(P), then by the closure under pre-

projections , we have lot B , XA* , A "XB2E Def (4) , so

beare Befuthn(P) is an algebra , we get B
, x Bz = /B , xArY 1(A"xB

E Defithe(P) .
X Lastly , plugging-in parametres from P corresponds
- taking fibers over points in P .

By B
,
x By

w

Def. For sets X
,
Y
,
and 3. XxY

,

and a point
'B, &

xEX
,
we call the set YN

Sy := (3-4 : (xo
, 3) es]sthe vertical fiber of S over x

.

Also
,

for you Y , we call 3 := [xxX : (x
, 3) G5) the horizontal

Liber of S over yo

Obs5. Defa CP) is closed under taking fibers over point in P
,
i
.
e. If BE

Det(P) and peP ,
When Bpt Def(P) .



This motivates the following definition.

Det
.

Let A be aret and for each neNN
,
let Du be a collection

of subsets of A". For a set PCA
,

we call D := NOn P-construct
Live if

is Du is an algebra fr each ne/N .

(ii) D is closed under limages of projections.
liit D in closed under pesimages of projections.
livg D is closed under permutations of coordinates .
(v) & is closed under taking filers over points in P

.

Observations 1-5 imply that NefA(P) is P-constructive
,

and in fact

Theorem. For a restructure A := (A
,
5) and PEA

,
the collection DetA(P)

is the P-constructive collection generated by Ike smallest P-coas
tructive collection contai·ingl :
(i) constants : (CE) for each Coast (d),
(ii) graphs of functions : Get for each fEFunct(t)

,

(iii) relations : RE for each Re Rel(d)
·

Proof . We Clready kow Not DetA(P) is such a collection and to show

that it's the smallest
,
take another such collection D = VDn and

show that Defa(P) = D by induction on the construction of for-
-

mulas. Mis is left as an exercise
.

Theories
,
models

,
and axiomatizations. For a signature -, a o-theory is just

a set of -sentences. For a r-theory T , we refer to the cuteces in T

as the axioms of T
.



Def. For a nonempty restructive M and a retheory T , we say
but M satis-

-

fies lor models) T
,
denoted MIT ,

if AFY fr all DET .

heatly , we call Aai-model of T. We denote by M= /5) theEquiva
class of all -models of T

.

Def
. For a collection 2 ofo-structures

,
we say

that a -Roy T is an

axiomatization for 2 if E = Molit . For otheories T ,
T2
,
we say

thatT , and is are equivalent if Mr(t) = Mr(iz)
.

A +-theory T is said to be finitely axiomatizable if there is a finite

--theory T equivalent do T
.

Examples. (a) Let5 be a signature. For fixed neINt
,
the can Es of

all -structures of cardinality In is axiomatized

by the following sentence :

Yi : = Ex ,
5x

...
Exn My (y = x , Vy = x ... Vy =xn)

.

Meas
,
the can Ese of all -structures with In elements

in axiomatized b 4 : = - Pen -

Finally , the clan to of all infinite restructures is axioma-

tized by the theory

To : = 44,
,
42

, Yes, ... 3 : 33n : neNT)
.


